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Abstract
We study the quantum creation of black hole pairs in the (anti-)de Sitter space background. These
black hole pairs in the Kerr-Newman family are created from constrained instantons. At the WKB
level, for the chargeless and nonrotating case, the relative creation probability is the exponential of
(the negative of) the entropy of the universe. Also for the remaining cases of the family, the creation
probability is the exponential of (the negative of) one quarter of the sum of the inner and outer
black hole horizon areas. In the absence of a general no-boundary proposal for open universes, we
treat the creations of the closed and the open universes in the same way.
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There are three ways of forming black hole in Nature. The first way is through the gravitational
collapse of a massive body in astrophysics. In this scenario, the spacetime and matter content are
treated classically. In general, the effect of the cosmological background is ignored. The second
way originates from the quantum fluctuation of the matter content in the very early universe. Here
the spacetime is again treated classically. The black hole formation is a result of the competing
effects of the expansion of the universe and the gravitational attraction of the matter fluctuation.
The third way is through the quantum creation of black holes in quantum cosmology, to which this
paper is addressed. Here, both the spacetime and the matter content are quantized. This is the
most dramatic type of black hole formation. Indeed, the black holes are essentially created from
nothing at the same moment as the birth of the universe. Therefore, only black holes created this
way are genuinely primordial.
It is believed that the Planckian era of the universe underwent an inflationary stage which
was approximated by the de Sitter metric. In the Planckian stage, the potential of the scalar
field behaves as an effective cosmological constant Λ. On the other hand, extended theories of
supergravity in which the O(N) group is gauged have the anti-de Sitter space as their ground or
most symmetric state. Therefore, it is of great interest to study quantum creations of black holes in
these backgrounds.
In the No-Boundary Universe, the wave function of a closed universe is defined as a path integral
over all compact 4-metrics with matter fields [1]. The dominant contribution to the path integral is
from the stationary action solution. At the WKB level, the wave function can be approximated as
Ψ ≈ e−I , where I = Ir + iIi is the complex action of the solution.
The imaginary part Ii and real part Ir of the action represent the Lorentzian and Euclidean
evolutions in real time and imaginary time, respectively. The probability of a Lorentzian orbit
remains constant during its evolution. One can identify the probability, not only as the probability
of the universe created, but also as the probabilities for other Lorentzian universes obtained through
an analytic continuation from it [2].
An instanton is defined as a stationary action orbit and satisfies the Einstein equation every-
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where. It was thought that, at the WKB level, an instanton was the seed for the creation of the
universe. Very recently, it was realized that this only applied to the case of creation with a stationary
probability. Therefore, in order not to exclude many interesting phenomena and more realistic mod-
els from the study, one has to appeal to the concept of constrained instantons [3][4][5]. Constrained
instantons are the orbits with an action that is stationary under some restriction. The restriction
can be imposed on a spacelike 3-surface of the created Lorentzian universe. The restriction is that
the 3-metric and matter content are given at the 3-surface. The relative creation probability from
the instanton is the exponential of the negative of the real part of the instanton action.
One can begin with a complex solution to the Einstein equation and other field equations in the
complex domain of spacetime coordinates. If an instanton exists at all, then it should be a compact
singularity-free section of the solution. If there are singularities in the compact section, then, in
general, the action of the section is not stationary. The action may only be stationary with respect
to the variations under some restrictions mentioned above. We call this section a constrained gravi-
tational instanton. To find the constrained instanton, one has to closely investigate the singularities.
The stationary action condition is crucial to the validation of the WKB approximation, which we
use to investigate the problem of quantum creation of a black hole pair.
In contrast to the case for a closed universe, a general no-boundary proposal for the quantum
state of an open universe has not been presented. However, one can use analytic continuation from
a complex constrained instanton to obtain the WKB approximation to the wave function for open
universes with some kind of symmetry. At this level, both the open and closed creations of universes
can be dealt with in the same way. For examples, The S4 space model with O(5) symmetry [6] and
the FLRW space model with O(4) symmetry [2] have been investigated this way.
The constrained gravitational instantons for the pair creation of black holes in the (anti-)de Sitter
space background can be obtained from the complex solutions of the Kerr-Newman-(anti-)de Sitter
family [7]
ds2 = ρ2(∆−1r dr
2+∆−1θ dθ
2)+ρ−2Ξ−2∆θ sin
2 θ(adt−(r2+a2)dφ)2−ρ−2Ξ−2∆r(dt−a sin
2 θdφ)2, (1)
where
ρ2 = r2 + a2 cos2 θ, (2)
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∆r = (r
2 + a2)(1 − Λr23−1)− 2mr +Q2, (3)
∆θ = 1 + Λa
23−1 cos2 θ, (4)
Ξ = 1 + Λa23−1 (5)
andm,ma and Q are constants, representing mass, angular momentum, electric or magnetic charges.
We shall not consider the dyonic case in the following. We shall respectively call the cases with de
Sitter and anti-de Sitter backgrounds as closed and open models.
We use r0, r1, r2 and r3 to denote the four roots of ∆r. For the closed model with positive Λ,
we assume all roots r0, r1, r2 and r3 are real and in ascending order. These roots are the negative,
inner black hole, outer black hole and cosmological horizons, respectively. For the open model with
negative Λ, at least two roots, say r0, r1, are complex conjugates, and we assume r2 and r3 are real.
If this is the case, then r2 and r3 must be positive and can be identified as the inner and outer black
hole horizons, respectively.
For the closed model [3], the constrained instanton is constructed from the metric (3) by setting
τ = it. One makes two cuts at τ = ±∆τ/2 between the two horizons r1, r2 and glues them. The
resultant manifold may have conical singularities at the two horizons. It has the f1-fold cover around
the horizon r1 and the f2-fold cover around the horizon r2.
The Lorentzian metric for the created black hole pair is obtained through analytic continuation
of the time coordinate from an imaginary value to a real value at the equator. The equator is two
joint sections τ = consts. passing these horizons. It divides the instanton into two halves. We can
impose the restriction that the 3-geometry characterized by the parameters m, a and Q is given at
the equator for the Kerr-Newman-de Sitter family. The parameter ∆τ is the only degree of freedom
left for the pasted manifold, since the field equation holds everywhere with the possible exception
of these horizons. Thus, in order to check whether we get a stationary action solution for the given
horizons, one only needs to see whether the above action is stationary with respect to this parameter.
The equator where the quantum transition will occur has the topology S2 × S1.
The action due to the horizons is [3]
Ii,horizon = −
pi(r2i + a
2)(1− fi)
Ξ
. (i = 1, 2) (6)
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The action due to the volume is
Iv = −
∆τΛ
6Ξ2
(r32 − r
3
1 + a
2(r2 − r1))±
∆τQ2
2Ξ2
(
r1
r2
1
+ a2
−
r2
r2
2
+ a2
)
, (7)
where +(−) is for the magnetic (electric) case.
If one naively takes the exponential of the negative of half the total action, then the exponential
is not identified as the wave function at the creation moment of the black hole pair. The physical
reason is that what one can observe is only the angular differentiation, or the relative rotation of
the two horizons. This situation is similar to the case of a Kerr black hole pair in the asymptotically
flat background. There one can only measure the rotation of the black hole horizon from spatial
infinity. To find the wave function for the given mass and angular momentum one has to make the
Fourier transformation [3][8]
Ψ(a, hij) =
1
2pi
∫
∞
−∞
dδeiδJΞ
−2
Ψ(δ, hij), (8)
where δ is the relative rotation angle for the half time period ∆τ/2, which is canonically conjugate
to the angular momentum J = ma; and the factor Ξ−2 is due to the time rescaling. The angle
difference δ can be evaluated
δ =
∫ ∆τ/2
0
dτ(Ω1 − Ω2), (9)
where the angular velocities at the horizons are Ωi = a(r
2
i + a
2)−1.
In the magnetic case the vector potential determines the magnetic charge, which is the integral
over the S2 factor. However, in the electric case, one can only fix the integral
ω =
∫
A, (10)
where the integral is around the S1 direction, and A is the vector potential of the electric field [3].
So, what one obtains in this way is Ψ(ω, a, hij). However, one can get the wave function Ψ(Q, a, hij)
for a given electric charge through the Fourier transformation [3][8][9][10]
Ψ(Q, a, hij) =
1
2pi
∫
∞
−∞
dωeiωQΨ(ω, a, hij). (11)
The Fourier transformations (8) and (11) for the angular momentum and the electric charge are
equivalent to adding extra terms into the action for the constrained instanton, and then the total
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action becomes [3]
I = −pi(r21 + a
2)Ξ−1 − pi(r22 + a
2)Ξ−1. (12)
It is crucial to note that the action is independent of the time identification period ∆τ and
therefore, the manifold obtained is qualified as a constrained instanton. The relative probability of
the Kerr-Newman black hole pair creation from the constrained instanton is
P ≈ exp(pi(r21 + a
2)Ξ−1 + pi(r22 + a
2)Ξ−1). (13)
This is the exponential of one quarter of the sum of the outer and inner black hole horizon areas.
These two Fourier transformations are critical. Without them one cannot even obtain the con-
strained gravitational instanton. The inclusion of the extra term due to the Fourier transformation
for the electrically charged rotating black hole pair also recovers the duality between the magnetic
and electric cases [3][8][9][10].
The construction of the constrained instanton using the inner and outer black hole horizons is
quite counter-intuitive. One could also consider those constructions involving other horizons as the
instantons. However, the real part of the action for our choice is always greater than that of the
other choices for the given configuration, and the wave function or the probability is determined by
the classical orbit with the greatest real part of the action [1].
By the same argument, one has to use the pair of complex horizons r0, r1 to construct the
constrained instanton for the case of open creation of black hole pair in the anti-de Sitter background.
The relative probability of the Kerr-Newman black hole pair creation takes a form similar to (13)
with a replacement of r1, r2 by r0, r1. One can show that the sum of the four horizon areas is 24pi/Λ.
Therefore, one can rewrite the relative probability as [8]
P ≈ exp−(pi(r22 + a
2)Ξ−1 + pi(r23 + a
2)Ξ−1). (14)
This is the exponential of the negative of one quarter of the sum of the outer and inner black hole
horizon areas.
It is interesting to note that the difference of relative probabilities in the closed and open creations
of black hole pairs is the negative sign in the exponent. This is very reasonable from a physical
argument. Since for both cases, the probability is a decreasing function of the mass parameter. This
conclusion should be welcomed by quantum cosmologists.
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The case of the Kerr-Newman black hole family with spatially asymptotically flat infinity can be
thought of as the limit of our case as we let Λ approach 0 from below [8].
If one lets the angular momentum be zero, then it is reduced into the Reissner-Nordstro¨m-
(anti-)de Sitter black hole case. If one further lets the charge be zero, then it is reduced into the
Schwarzschild-(anti-)de Sitter black hole case. There are only three horizons for the chargeless and
nonrotating case.
For the Schwarzschild-de Sitter black hole case, one has to use the black hole and cosmological
horizons to construct the instanton, the creation probability is the exponential of the entropy of the
universe, or the exponential of one quarter of the sum of the black hole and cosmological horizon
areas [3][11]. For the Schwarzschild-anti-de Sitter black hole case, one uses the pair of complex
horizons to construct the instanton, and the creation probability is the exponential of the negative
of the entropy. It is known that the entropy of the Schwarzschild-anti-de Sitter universe is one
quarter of the black hole horizon area [12]. It is noted that the entropy is a decreasing(increasing)
function of the mass parameter for the closed (open) model.
From the no-hair theorem, all stationary black holes in the de Sitter, anti-de Sitter and Minkowski
spacetime backgrounds are described by these Kerr-Newman families, so the problem of black hole
creations in these backgrounds is completely resolved. All known cases in the closed model are with
regular instantons [9][10][11][13][14][15], and they can be considered as special cases of our study.
The well known S4 de Sitter model without black hole and S2 × S2 Nariai model with a pair of
maximal black holes have the maximal and minimal creation probabilities, respectively [13].
Our treatment of quantum creation of the Kerr-Newman-anti-de Sitter space family using the
constrained instanton can be thought of as a prototype of quantum gravity for an open system,
without appealing to the background subtraction approach [16]. The beautiful aspect of our approach
is that even in the absence of a general no-boundary proposal for open universes, we treat the
creations of the closed and the open universes in the same way.
It can be shown that the probability of the universe creation without a black hole is greater than
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that with a pair of black holes in all these backgrounds.
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